ABSTRACT : In this paper the flow generated by a rotlet in the presence of a circular cylinder is considered. We introduce a transformation which simplifies the equations and boundary conditions. We use the finite-difference method to obtain results in excellent agreement with all the available analytical results. in order for both the velocity components on the rotating cylinder to be satisfied. However, although a solution retaining such a term is obviously valid at points not too far away from the cylinder such a solution deteriorates as one moves further away. As such this solution fails to satisfy the boundary condition at infinity, with the exact multiple of the unwanted term at infinity remaining undetermined. This unknown constant can be established by treating the
In the absence of rotlet no solution of this equation, which satisfies both the boundary conditions on the cylinder and at infinity, is possible. This arises because it is necessary to maintain in the solution a term of the form ( ) ( ) ϑ sin ln r r in order for both the velocity components on the rotating cylinder to be satisfied. However, although a solution retaining such a term is obviously valid at points not too far away from the cylinder such a solution deteriorates as one moves further away. As such this solution fails to satisfy the boundary condition at infinity, with the exact multiple of the unwanted term at infinity remaining undetermined. This unknown constant can be established by treating the solution of the problem as the approximation to the inner flow past the circular cylinder as the Reynolds number tends to zero. Then matching with the solution as obtained from the outer region where the first approximation to the Navier Stokes equations are the Oseen equations. Full details regarding these expansions and matching procedure can be found in Proudman and Pearson (1957) . Basically what this means is that the uniform flow past a circular cylinder is not a well-posed Stokes problem. In fact, at zero Reynolds number the problem is singular. any given distance * c along the negative y -axis, allows a solution to be obtained. Analytical solutions to this problem have been obtained by Dorrepaal et al (1984) . Their work examines the flows generated in a fluid by the introduction of a line singularity, such as a stokeslet or rotlet, in the presence of a circular cylinder and shows that a phenomenon analogous to the Stokes paradox exists in those flows with a uniform stream far from the cylinder. As a consequence, the uniform streaming flow past a circular cylinder, when a line stokeslet or rotlet of certain strength is present, is a wellposed problem in Stokes flow.
The solutions by Dorrepaal et al. (1984) employed an image type approach, plus a clever and simplistic deduction, which enabled the result to be constructed devoid of most of the analysis. However, the present work has established the same solution by using a Fourier Series approach and has confirmed this numerically by the application of a modification to the Boundary Element Method. The latter appears to provide an approach for the solution of the biharmonic equation, which requires only the position of the singularity, plus the physical values of the drag, lift and the moment on the circular cylinder to be known. In addition, it seems capable of being extended to accommodate the presence of several different bodies as well as allowing more complex shapes for which an analytical solution is impossible. It is intended to show that the presence of a rotlet in a uniform flow at nonzero Reynolds number allows an otherwise singular problem to become well-posed as the Reynolds number becomes zero.
The main aim of this paper is to solve numerically the Navier-Stokes equations for steady, twodimensional, incompressible viscous fluid flow past a rotating circular cylinder of radius a in the presence of a rotlet of strength Γ which is located at the point ( ) ( ) a c c r
. At large distances from the cylinder it is assumed that there is a uniform flow of speed U which is parallel to the negative x -axis. Initially the strength of a rotlet is set to zero and the problem solved with Reynolds numbers 5 and 20. The results are in very good agreement with those obtained by Dennis and Chang (1970) and Fornberg (1980) . Using this as an initial estimate of the solution when a line singularity is present an iterative technique is developed in order to solve the problem when a rotlet, at ( )
, π * c , of small strength is introduced into the flow. As the drag, lift and moment on the circular cylinder are the most important physical quantities, as well as being easy to measure experimentally, see Fornberg (1980) , particular attention has been paid to these quantities in this work.
Having established the numerical procedure the Reynolds number is decreased towards zero whilst continuing to solve over a range of non-dimensional strengths of the rotlet, namely
. The question that needs to be answered is whether as Re approaches zero the value of the parameter β would tend to that unique value obtained by Dorrepaal et al. (1984) in their analytical solution.
Basic Equations and Boundary Conditions
The origin of the coordinate system is fixed at the centre of the circular cylinder of radius a and the positive x -axis taken in the same direction as that of the uniform flow at large distances from the cylinder. Polar coordinates ( ) . The steady flow of an incompressible fluid in a fixed two-dimensional Cartesian frame of reference can be described by the equations, 
In two-dimensional motion the polar resolutes of u can be expressed in terms of the streamfunction Ψ by 
then the governing equations in non-dimensional form become
where ω ′ and Ψ′ are the non-dimensional scalar vorticity and streamfunction, respectively. For convenience the accent will from now on be ignored. It is required to solve equations (2.7) and (2.8) subject to the no-slip conditions imposed by the circular cylinder, namely
and the boundary conditions at large distances from the cylinder , π c is the position of the rotlet. In the above definition of the streamfunction the signs appearing in the expressions in (2.5) are the opposite to those given by Dorrepaal et al. (1984) but follow those adopted by Fornberg (1980) Fornberg (1980) . However, with the Reynolds number equal to zero and the parameter c = β the situation is that studied by Dorrepaal et al. (1984) except that the geometry in the present case corresponds to a rotation through (2.18) Filon (1926) showed that in the absence of any rotlet the asymptotic form for the dimensional streamfunction at large distances from the cylinder and outside the wake region is given by
, L and D being the lift and drag on the cylinder. given by this expression. That is why the Stokes solution may be an adequate representation of the fluid flow relatively close to the cylinder but cannot represent a uniform approximation to the total velocity distribution. However, it is possible to write the Stokes solution in the form term. Using these results, it is possible from the Stokes expansion far from the cylinder to establish both the force and the moment on the cylinder. The Stokes solution produced by Dorrepaaal et al (1984) is able to immediately produce the drag, lift and moment on the circular cylinder from its expansion at large distances from the cylinder; although the contribution from the singularity at the rotlet must first be removed from the coefficient of the ( ) a r / ln term before it represents the moment on the cylinder.
Since the streamfunction and vorticity equations are both elliptical in nature we should supply one condition for each of the variables rather than use directly conditions (2.16), (2.17) and (2.18). It has been reported by Fornberg (1980 Fornberg ( , 1985 , that the choice of the boundary condition for the vorticity, ω , is not as sensitive as that for the streamfunction, ψ , and many authors have paid particular attention to the boundary condition for Ψ at large distances from the cylinder. In this work a new numerical technique is introduced in order to avoid having to enforce the boundary condition (2.19) at large distances from the cylinder. We introduce the transformation and the boundary conditions (2.10) and (2.11) now become
Further, since the solution is periodic in η we also require that
which along with all the other boundary conditions are indicated in Figure 2 .
The Solution Technique
In order to obtain numerical solutions of the equations (2.26) and (2.27) subject to the boundary conditions (2.28), (2.29), (2.30) and (2.31) the region of integration
is covered by a rectangular mesh system of size h and k in the η and ξ directions, respectively, and a modified finite-difference approximation to the differential equations (2.26) and (2.27) is employed. If the standard central-difference approximation is employed, then it is not always possible to obtain a convergent solution especially at moderate and large values of the Reynolds number. A number of schemes have been introduced with the object of improving the efficiency of the convergence of such schemes, e.g. upwind and downwind differencing as discussed by Greenspan (1968) . Gosman et al. (1969) and Runchal et al. (1969) . These efficiencies arise from the fact that the difference equations are associated with matrices, which are diagonally dominant and thus amenable to iterative methods of solution. However, these schemes suffer from a deficiency in that they are only of first-order accuracy since forward or backward differences are employed to approximate first derivatives rather than the more accurate second-order centraldifference formulae. The formulation in which all derivatives are approximated by central differences is of second-order accuracy but the matrix associated with the difference equations may not be diagonally dominant. The iterative procedures may be slowly convergent or even divergent when this method is applied.
There are also finite-difference schemes, which are of second-order accuracy and for which the associated matrices are always diagonally dominant. These methods rely upon rather specialized forms of local approximations and yield difference equations, which involve the exponential function. These schemes were first introduced by Allen and Southwell (1955) in approximating the equation governing the vorticity during the course of finding numerical solutions for the steady two-dimensional flow past a circular cylinder. Dennis and Hudson (1978) showed that by a suitable adaptation of an alternative to the Allen and Southwell method suggested by Dennis (1960) , an approximation of second-order accuracy, yielding difference equations with an associated matrix which is diagonally dominant, can be obtained. These difference equations do not involve the exponential function and can be looked upon as a rather more complicated version of the central-difference formulation. The Dennis and Hudson method contains more terms in the finite-difference equations than the usual central-difference approximation but the presence of these extra terms is very important for the associated matrix to be diagonally dominant. Numerous authors have performed several numerical experiments which confirm that the method by Dennis and Hudson succeeds where the standard central-difference formulation fails, see for example Dennis (1960) and Dennis and Hudson (1978) . Thus, in this paper a modified version of the finitedifference approximation as described by Hudson and Dennis, has been used.
It is found most convenient to set up a mesh system such that the mesh size in both the ξ and η directions are 
The resulting finite-difference equations (3.1) and (3.2), subject to the boundary conditions (3.8) -(3.18), were solved iteratively. From equation (2.6) the non-dimensional speed of the uniform stream at large distances from the cylinder is unity, whereas the non-dimensional strength of the rotlet at the position ( ) 
When the boundary conditions on the cylinder are introduced, expressions (3.32) and (3.33) reduce to those given by Fornberg (1980) 
The Results
Before we undertake a detailed discussion of the results it is important to stress from Dorrepaal et al. (1984) , and from our own investigation, that at 0 Re = it is impossible to obtain a solution for an arbitrary value of the parameter β , which is contrary to what occurs at non-zero Reynolds numbers. In the 0 Re = situation there is only one unique value of β which will produce the uniform stream at infinity, and the difficulty numerically is to achieve some mechanism which will enable the numerical method to converge to this quantity. Since Stokes flow with a uniform flow at infinity means that body must be free of any force, one can develop an iterative numerical scheme based upon this fact to enable the unique value of β and the corresponding flow solution to be determined. Exactly how this is achieved will be discussed in detail later within this section. In order to compare the results obtained by the present numerical method with those obtained previously, the values of the Reynolds number . It is found that the contour lines for the streamfunction and vorticity distribution are in good agreement with most of the previous investigators (Dennis and Chang (1970); Fornberg (1980 Fornberg ( , 1985 ), at both the above Reynolds numbers, repeated extrapolation of results derived from Having established that the numerical procedure is producing the correct results for 0 Re ≠ and 0 ≠ α , the condition 0 = β is relaxed. However, since the interest is in whether the problem is well posed as the Reynolds number tends to zero, it is proposed to set α to be zero in the remainder of the calculations to be presented in this paper. Such a restriction can easily be removed if required.
It has already been established analytically by Dorrepaal et al. (1984) , and it is only when all such terms are absent that one will achieve the required solution. This is why at 0 Re = , it is impossible to obtain a convergent solution for an arbitrary value of β , unlike the situation at 0 Re ≠ . However, for 0 Re = one can think of the lift, drag and moment as functions of β and only when these quantities acquire the value of zero will β achieve its required value, namely c = β , and produce a the flow (when β exceeds unity) appears to be dominated by the rotlet, even at a Reynolds number of 20. The dominance of the rotlet is seen by the symmetrical nature of the flow about the x-axis and yaxis in the vicinity of the body. As the strength of the rotlet decreases, the symmetrical flow pattern diminishes. However, it is only when the value of β falls below 0.5 that one sees the closed streamline behind the cylinder and even when the value of β reaches 0.1 this closed region behind the cylinder is only present in the region 0 < y due to the rotation from the rotlet. Obviously as β tends to zero the closed streamline region will move to its symmetrical pattern about the x -axis. when a rotlet of any given strength is placed at various positions outside the cylinder. Although numerical solutions can be found for any value of Reynolds number greater than zero it is well known that when the Reynolds number is zero that a solution only exists provided there is a relationship between the strength of the rotlet and its location. Further, when the Reynolds number is zero, the analytical solutions are such that the drag, lift and moment are all identically zero. Therefore in this paper we have concentrated on obtaining numerical results with the drag, lift and moment zero and developed a technique for extrapolating the results obtained at small values of the Reynolds number to predict the solutions for zero Reynolds number. Using this technique it is found that the numerical results are in excellent agreement with all the available theoretical results. We conclude that the technique developed in this paper may be used with confidence to predict solutions for flows at zero Reynolds numbers for situations where there are no analytical solutions.
Conclusions

